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The authors of this paper are three members oCmabridge-based research team who
developed the Knowledge Quartet (KQ), a theoryathematics teacher knowledge, with
a focus on classroom situations in which this keolgk is applied. At the same time as
being researchers, the authors were elementary enadlics teacher education
instructors. Despite many years’ experience of argg trainee teachers in elementary
mathematics, they found that the KQ research hadidgint about new awareness of the
importance of some components of mathematics didaas well as providing new tools
for undertaking some aspects of their teacher efduncale. The paper explores some of
these awarenesses and tools in detail.
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INTRODUCTION

This paper is a contribution to a young field ofe@h, which seeks to understand the
ways in which teacher educators (specifically, reathtics teacher educators) can gain
in wisdom, competence and effectiveness in theirkwdhe state of the art has
similarities with the emergence of mathematics heag as a research field, fuelled by
action research, in the 1980s: until then, theairetegaze was on students rather than
teachers. Likewise, researchers into mathematicshite themselves typically
mathematics teacher educators, have only receietlyed themselves (or their work) as
suitable objects of research, having previousherattd to the knowledge and
performance of their own ‘students’. Even the gadlehat we are calling mathematics
teacher educator ‘development’ are, as yet, unclea Special Issue of thlmurnal of
Mathematics Teacher EducatioBrown and Coles (2010) address the topic in draku
way, as “change”, and ask what it might mean to g&t a mathematics teacher
educator has “changed”. It is certainly indicatofethe state of the art that none of the
12 contributions to the Special Issue explicitideesses mathematics teacher educator
development, or change. So how shall we theorisedi#velopment, and what means
can we deploy it bring it about? At this point weald ‘come clean’. The changes that
we know to have come about in ourselves, as matiesrieacher educators, were not
the goal of the research to be reported here, lyt@roduct, and one that we became
aware of after the main phase of the research waspleted. Our focus was on
prospective teachers of school students, and anrtteghematics-related knowledge in
particular. We return to this point in the conchuglsection.

The work of University Departments of Education igitglly distributed across diverse
programs and agendas, including a leading rolehe @ducation and professional
preparation of prospective teachers. There canrb¢hae UK at least, and probably
elsewhere, a fuzzy divide between faculty engageteacher preparation and those
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engaged in research. Thus, while teacher educatiexpected to be research-informed,
this basis in scholarship most often rests on ésearch of academics other than those
doing the ‘training’. This state of affairs come®abfor a number of reasons, and many
faculty on both sides of the divide are very conteith it. However, the purpose of this
paper is to exemplify how mathematics teacher édusaan benefit and learn from
their ownresearch activity, with direct relevance to thescher education role. In the
paper we reflect upon our own experience as educakepartment faculty who have
endeavoured to straddle the research-practice edivithe paper begins with a brief
account of a research project on mathematics teactmvledge, to which each of us
made a major contribution. The remainder of the papdevoted to reflection on, and
discussion of, some ways in which the researchahditect impact on our professional
work with prospective teachers, thereby (we belewsking us ‘better’ teacher
educators. Despite having, between us, over 70syegverience of preparing trainee
teachers in elementary mathematics, we found thatparticular research activity had
given us new awarenesses of the importance of smongonents of mathematics
didactics, as well as providing new tools for unaking some aspects of our teacher
educator role.

The Knowledge Quartet

In 2002-03, we undertook some empirical researcto imathematics teachers’
knowledge, in collaboration with two additional lealgues in Cambridge. Our approach
to investigating the relationship between teacmeEnvkedge and classroom practice was
to observe and videotape novice teachers teachimg.participants were 12 graduate
prospective (‘trainee’) elementary school teacheisur university faculty of education.
We observed and videotaped two mathematics legaaght by each participant. In the
analysis of these videotaped lessons, we identi#sgects of trainees’ classroom actions
that seemed to be informed by themathematicssubject matter knowledge or their
mathematicalpedagogical content knowledge (Shulman, 1986).réédised later that
most of these related to choices made by the ®aiire their planning or more
spontaneously. Each was provisionally assignedreverited’ code, such as: ‘choice of
examples’; ‘choice of representation’; ‘adheres téxtbook’; and ‘decision about
sequencing’. These were grounded in particular mésn@nepisodes in the tapes. This
provisional set of codes was rationalised and redye.g. eliminating duplicate codes
and marginal events) by negotiation and agreenmetite research team. This inductive
process generated 28greed codes, which were subsequently groupedantobroad,
super-ordinate categories, or ‘dimensions’ — hethee'Quartet’. The four dimensions
and the corresponding contributory codes are showiable 1.

Dimension Contributory codes

Foundation awareness of purpose; adheres to textbook; ctrat@m on procedures;
identifying errors; overt display of subject knoddge; theoretical
underpinning of pedagogy; use of mathematical teofogy.

—

Transformation choice and use of examples; choice and use afeseptation; use d
instructional materials; teacher demonstration.




Connection anticipation of complexity; decisions about sewieg; making connectior'ts
between procedures; making connections betweenepts)crecognition o
conceptual appropriateness.

Contingency deviation from agenda; responding to studeneasgduse of opportunities; teacher
insight during instruction.

Table 1: The Knowledge Quartet — dimensions and cdrbutory codes

A brief conceptual outline of the KQ is as followBhe first dimensionfoundation
consists of teachers’ mathematics-related knowledggiefs and understanding,
incorporating Shulman’s (1986) classic taxonomkiafisof knowledge without undue
concern for the boundaries between them. The sedandnsion,transformation
concerns knowledge-in-action as demonstrated otilanning to teach and in the act
of teaching itself. A central focus is on the reggrgtation of ideas to learners in the form
of analogies, examples, explanations and demoiwstsat The third dimension,
connection concerns ways that the teacher achieves cohemsitbin and between
lessons: it includes the sequencing of materialrfstruction, and an awareness of the
relative cognitive demands of different topics atabks. Our final dimension,
contingency is witnessed in classroom events that were ne@inr@Ed for. In
commonplace language, it is the ability to ‘thinkk @ne’s feet'. More detailed
conceptual accounts can be found in Rowland, Hapk&t Thwaites (2005), and in the
book Rowland, Turner, Thwaites & Huckstep (2009). afl reports at previous
CERME conferences include Huckstep, Rowland & Thwdi@€96). In this paper we
also draw upon the longitudinal doctoral reseanajegat of the second author (Turner,
2010), in which the findings of the 2002-03 KQ maijwere applied for the first time;
and on continuation projects (e.g. see RowlanakdJ& Thwaites, 2011) in which the
scope and methodology of the KQ were extended.

WHAT WE LEARNED FROM THE KQ RESEARCH

We now proceed to describe some of the ways in lwthe research outlined above
brought about new awarenesses, and enabled newaapgess, in our professional work
as elementary mathematics educators. This will bgarosed into sections
corresponding to specific issues, topics and amhes about which we became more
sensitive and knowledgeable as a consequence oétkarch.

The role of ‘theory’ within pre-service mathematicsteacher education

When using the KQ to analyse the practice of begmieachers, it was salutary to find
that they did not draw on what we thought they leadned from our methods courses in
the university to the extent that we might havedtbpThe mathematical knowledge for
teaching (MKT: Ball, Thames and Phelps, 2008) ofif@gg teachers might be
expected to be mainlpropositional (Shulman, 1986), i.e. gained from their own
mathematics education and from mathematics metbaaises during teacher education
programmes. Other forms of knowledge proposed bylgan, i.e.case studyor
strategic knowledgare likely to be more limited, as these requirpegience, which by
definition beginning teachers do not have. Therefare might expect the practice of
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beginning teachers to draw significantly on proposal knowledge addressed during
university courses, and later, with experiencedraw more often on case study and
strategic knowledge. However, analysis of teachismpg the KQ indicated that the
relationship between the three types of knowledgkexperience is more complicated.

There were a number of instances where situatiotegaased under thé&oundation
dimension indicated that, once in the classrooainées did not draw on propositional
knowledge addressed during their graduate teaah&ration course. Although there
was evidence that this was held as propositionalMedge, these beginning teachers
were frequently unable to draw on this knowledge activate it in their early teaching.
Two examples will illustrate this observation.

Amy. During her final school placement, in a lessoowtzounting with 4-5 year-old
children, Amy asked her pupils to write nineteertlogir white boards. Several children

wrote ‘1P’, at least one wrote ‘99’ and many wrote ‘91'. Tih@nee teacher focused on
the reversal of the nine but did not address tblpm of digit order. During the post-
lesson interview the trainee teacher was asked shieythought children had reversed
the digits:

Because you say nine first, then you say the teais twhy often they write the nine first they
often want to write nine first then write it frongint to left instead of left to right. (Amy)

Amy clearly knew about the problems children endeunn writing teen numbers
(Wigley, 1997; Anghileri, 2007), but did not aphis knowledge in her practice.

Kate used a number line to help children complete additalculations such as ‘8 + 8
and ‘3 + 4’ by beginning at one of the numbers #eth counting on the second number.
This pre-supposed that children had reached thentcon’ stage in addition. However,
observation of the children’s independent use efribmber lines suggested that some
were still at the ‘count all’ stage (Carpenter addser, 1984). Kate was asked if she
remembered the stages children go through in leguamldition:

At first not knowing that you can just start at rers, that you have to count the one,
two, three ... so you have to count three to gebuhbree before you can carry on. (Kate)

Although she knew that some children would not bke &0 understand the addition
strategy of starting with one number and then dagnon the second number, this
propositional knowledge was not drawn on in Kate&ching.

Analysis of further data using the KQ framework gesfed that these beginning
teachers became more able to draw on propositidikal as they gained experience
(Turner 2010, pp. 98ff). This suggested that teacimexed experience, and focused
reflection on their experience, in order to cont@kse and make use of the
propositional knowledge we present to them in tméversity. We should not be

surprised or disappointed when we find beginningchers not drawing on this

knowledge. We learned that providing the KQ asd for reflecting on their teaching

helps them to make links to this propositional kiemlge and to apply it within the

context of their practice.



The use of the KQ to structure review of, and refletion on, teaching

The KQ helped us to observe and to analyse the itepci our elementary trainee
teachers and to give detailed feedback which fatusethe mathematical content of
their lessons. This detailed analysis of teachunggested the need to address more
explicitly the importance of selecting appropriateamples and representations, as well
as making connections and responding contingemthypupils, in our mathematics
methods course. Guidelines based on the frame{Rolwland et al, 2009, pp. 35-37)
were also developed to support university and debased colleagues working with
elementary trainee teachers who were not mathesnatitication experts. These
guidelines were presented and very well receivethgumentor training sessions at the
university, and continue to be available to collesg)

The usefulness of the framework for supporting oletedn of, and feedback on,
mathematics teaching was explored in a study chromt between 2004 and 2008
(Turner, 2010). It was used as a tool to identdyalyse and chart developments in
beginning teachers’ MKT, and also as a tool to prentioat development. As a tool for
development, it was used to frame review discussadrmathematics teaching between
teachers and the mathematics teacher educator (MW&p also used by the teachers to
support individual reflection, helping them idewt#ituations in which their MKT was
revealed and to frame their writtegflectiveaccounts.

In the early phases of the study, the lesson remmetings were intensive and took the
form of a stimulated recall interview. The reséarc[the second author] used a KQ
analysis of the lesson to determine questions koaasl comments to make when the
teacher watched the videotape of their lesson. dxample, a coding ofhoice of
examples(CE) suggested stopping the videotape to ask whdtre trainee teacher
thought the examples they had used in their exptamaf a mathematical procedure were
the most appropriate, or whether they might hawsea some confusion. The structure
of these initial review meetings would be impossitd sustain across a large number of
trainee teachers or with busy practicing teachdiise methods employed in the second
stage of the study were therefore more appropamig model for scaling up the adoption
of the KQ for structuring post-lesson review meagtin Lessons were again observed and
videotaped however the review meeting was based tmoad sweep’ KQ analysis of
detailed field notes made while observing the lessbhe second author asked questions
or commented on significant episodes which had béemified in the analysis and the
teachers made observations in relation to the caéslimensions of the framework with
which they were now familiar.

The study also aimed to determine whether the K@hdraork supported independent
reflection on the mathematical content of teachifidherefore, during the third phase
teachers were not given feedback following thesséms, but were sent DVD copies of
the lessons and asked to write reflective accourdspendently, structured by the
dimensions and codes of the KQ framework. A numifecomments made by the
teachers demonstrated that they found the framewseful when planning for, and
reflecting on, their mathematics teaching. Fomepia:



| often find myself referring to it in my head whéram planning. ...I think the most
important effect is having the four headings, makesnore aware of what | am planning and
teaching and why. You find yourself questioning rgelf and justifying your decisions and
choices, it makes you more purposeful in your @®gimore precise. (Amy)

From this study we learned that the KQ can be efedtively to frame lesson reviews
so that they focus on the MKT of teachers. We lHamed that use of the KQ can help
teachers to focus their independent reflection lo& mathematical content of their
teaching.

The role of representations and examples in mathertias teaching

Despite our experience as teacher educators, therég@arch gave us a new
appreciation and understanding of the importanaexafmplesn mathematics teaching.
When teachers teach mathematics they choose anéxaseples all the time — the
relevant code was present in our coding of evesgde. In fact our focus on examples
built on earlier work by the first author (e.g. Rand, 1998) and came at an interesting
time from a national and international researclspective. While we were building an
emergent theory of teacher-chosen examples (e.wlaRd, Thwaites & Huckstep,
2003), Watson and Mason (2005) were developing eorth of learner-generated
examples, applying and extending the ideas of [éer&farton on variation theory. Both
of these perspectives were represented in a PMEaR#sEorum (Bills et al., 2006) and
in a special issue d&ducational Studies in Mathemati@ills & Watson, 2008).

As a consequence of our own research, we reaisddinderstood better the different
purposes for which examples are used, and thathbee of examples is far from
arbitrary — some examples ‘work’ better than otheflese insights have had a
significant effect on our practice in our role agthematics teacher educators. So whilst
formerly we might have spoken in a general way aliba importance of choosing
examples with care, we are now able to offer oam&e teachers a more analytical
account of the choice and use of examples in mathesteaching and learning. In
particular, we identify and exemplify three broaategories of examples that were
commonplace in our data, but which, we argue, t&ctvould do well to avoid. We
labelled these categories: examples which confuserole of variables; examples
intended to illustrate a particular procedure vibich another procedure would be more
sensible; and randomly generated examples. Foilsjetae e.g. Rowland et al. (2009).

By way of illustration, we exemplify the first oi¢se categories (confusing the role of
variables) here, with two excerpts from the clagsraata.

Kirsty was reviewing the topic of Cartesian co-ordinatéh a class of 10 to 11-year-
old pupils. Kirsty began by asking the children todefinition of co-ordinates. One
child volunteered that “the horizontal line is firand then the vertical line”. Kirsty
confirmed that this was essentially correct. Stentmoved on to assessing the pupils’
understanding of this key convention by asking thendentify the co-ordinates of a
number of points as she marked them on a co-oeligiadl, projected onto a screen at
the front of the classroom. Before marking thet frsint, she reminded them that “tkee



axis goes first”. Kirsty’s first example was theimo(1, 1). It is interesting to speculate
reasons for Kirsty’s choice of this example, redemgy that these ‘reasons’ might be of
different types — pragmatic, pedagogical, affecanel so on. In any case, the example
would seem to be entirely ineffective in assessvhgt Kirsty wanted to determine: the
children’s grasp of the significance of the ordethe two elements of the ordered pair.

Michael's lesson with a Year 4 class was about telling thee twith analogue and
digital clocks. One group was having difficulty wianalogue quarter past, half past and
quarter to. Michael intervened with this group, whng them first an analogue clock set
at six o’clock. He then showed them a quarter pexsand half past six. When asked to
show half past seven on their clocks, one childgatih hands on the seven. We can't be
sure, but the child’s inference from Michael's dersivation example (half past six)
seems reasonably clear. Of the twelve possible pbemravailable to exemplify half-
past, half past six is arguably the most unhelpful.

The role ofrepresentationsn mathematics teaching has been extensively resead

and theorised (e.g. Goldin, 2002). Nevertheless,research yielded further insights
that we were able to bring to our work with trainemachers. These include the
importance of the mathematical appropriatenesgmfesentations used for pedagogical
purposes. We had observed the trainees’ propetwsithoose representations on the
basis of their superficial attractiveness at thpesmse of their mathematical relevance
(Turner, 2008). In addition, we are now better plhte emphasise the interplay
between choice of representations and choice ahpbes (e.g. Huckstep et al., 2006).

New uses of classroom video data within initial tedner education

The use of video in mathematics teacher educatiarlisestablished (e.g. Borko et al.,
2008), and articulates well with case method teadurcation pedagogy (Merseth,
1996). In England, the video resources that have Imeest in evidence in primary
teacher education are of the kind developed by \&emment agency for ‘National
Numeracy Strategy’ training (Askew et al, 2004). §&néend to feature ‘best practice’
examples of ‘model’ lessons given by experienceatchiers, presumably with the
intention that other teachers will emulate theiaraple. With the permission of the
participants in our research, we use video climsnfrtheir lessons in a somewhat
different way, and with a rather different purpo$bese clips feature novice teachers,
not ‘experts’, and as we observe them it is nodlemen for trainee teachers to identify
things that could be done differently, and maybesusthbe. We have written about some
of these episodes elsewhere (e.g. Huckstep e2@06; Rowland, 2010), and there is
insufficient space to describe them here. Theseovislemuli promote lively and
thoughtful discussions about what seemed to beesstid and what ‘went wrong’, and
why, and what these trainees would do themselves/tid the errors made (in their
judgement) so as to improve the instruction. Bytast, we propose that when an
expert teacher’s lesson ‘goes well’, the ingrediasftits success can often be invisible
to the novice trainee. Using our research videa,damd in other ways, we now use
these authentic classroom scenarios to pose cpaltprmathematical and didactical



problems, and to raise awareness and insight, muatversity-based sessions with
trainees.

Cohesion and professional cooperation within and ly@nd the team

Engagement in collaborative research resulted gatgr cohesion and professional
cooperation within the mathematics teacher edutdaéam. From the beginning, we all
engaged in background reading and were involvedisoussions which contributed to
developing the conceptual framework for the stuslembers of the team played different
roles according to their expertise, but reguladyne together to discuss the progress of
the research. The grounded theory approach meainvey intensive discussions were
held in order to decide on the emergent codeslaed on the categorisation of the codes
into the four dimensions. These were lively disauss in which all team members
suggested ideas based on their experience in ¢ dind/or on their analysis and
synthesis of the data. Such discussions alsoviedadrawing on the research literature as
well as on our own experience in classrooms. I8 thay we came to shared
understandings of what our research data wereatiwdg: We also came to respect, and to
learn from, the different perspectives on matheraateacher education which derived
from our varied career trajectories.

Work using the KQ framework now involves colleagdiesn around the world. We
continue to have intensive discussions about hoviungerstand’ individual codes, and
this has contributed to further cohesion and caatper within the team and within a
much wider international KQ family.

CONCLUSION

Teachers and teacher educators often approachptiodééssional development through
action research. This entails investigating on&s @ractice, adapting it, and looking
for evidence of the impact of this change. The dgwalent in our professional practice
brought about by our research was a consequenaeverfy different process. We did
not set out with the primary aim of developing own practice. Rather, our focus was
on the practice of trainee teachers as we triedinderstand how their MKT was

revealed and applied in the act of teaching. H@wmew investigating the practice of

trainee teachers, we developed a way of understgnaliathematics teaching which
supported our own professional development as &aeducators in a number of
different ways.

Developments in our understanding of beginningleesl MKT, as revealed through
KQ analysis of their practice, led to changes ia tdontent of our methods courses,
particularly in relation to the importance of exdegpand representations. We found
that the MKT that was ‘learned’ by trainees in ouethods courses was not always
available to beginning teachers in their practidewever, we discovered that teachers
can be supported in applying this knowledge by jliag the KQ as a tool for focused
reflection. We improved our teaching placemensdesreviews by using the KQ to
focus discussion on the mathematical content afhieg, and began to induct school-
based colleagues in the use of the KQ to supporitariag of trainees. We also
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presented the KQ framework to trainees themseleesupport focused reflection on
their mathematics teaching, so as to enable thecombinue developing their MKT
during school placements and after their mathematiethods courses were completed.
We also developed new video resources for primathematics teacher education, and
new ways of using them. Finally, a bonus in terrhgrofessional development from
participating in the KQ research related to the efigyment of understanding and
cohesion within the elementary mathematics teactaam.

These outcomes of our study illustrate the possibiif a symbiotic relationship
between research into teaching and learning inskasns and the professional
development of teacher educators. The outcomesittudy show how the roles of
researcher and of teacher educator can be compigmemd mutually supportive.

Notes

1. In 2002 there were 18 codes in fact: two moreevgebsequently added in the light of new data.
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