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In this paper | will describe with what specificumistic strategies two prospective
secondary school mathematics teachers, who areestsidowards the end of their
academic education at the university, analyse alesitis work and reconstruct
possible thinking processes of this student. Tlseareh of these two prospective
teachers reported in this paper is part of a quaiite study which investigates
prospective teachers’ behaviour of analysing stislerwork consisting of students’
written answers to mathematical problem-solvingksasThe prospective teachers
were questioned in clinical interviews and vide&apvhile analysing the student’s
work individually.
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INTRODUCTION

Examining students’ work and their thinking in ardie give feedback is an important
part of effective teaching. For future teacherss itmportant to acquire diagnostic
competence in order to understand and assess &uadeswers with the aim to make
appropriate pedagogical and didactical decisiondg3(hann et al., 2007). This study
draws on the process of analysing students’ waaktidilarly the following question
Is addressed: Which heuristic strategies do prdseteachers use in analysing
students’ work consisting of students’ written aessmo mathematical tasks?

THEORETICAL FRAMEWORK

Over the last couple of years many research pmojbeve addressed teacher
knowledge. Ball et al. (2008) discussed what maWeshematical Knowledge for
Teaching (MKT) special. They include among thisding out what students have
done, interpreting students’ errors and assessiregher the thinking and approaches
are mathematically correct and would work in gehera

Examining students’ work and thinking should be atpof everyday teaching
practice (Borasi et al., 2002). Mathematics teaxHeeed to know how to [..]
analyse students’ solutions and explanations.”l (tilal., 2005, p. 372). Hill et al.
(2005) include among the work of teaching mathersaimong others, “interpreting
students’ statements and solutions” (p. 372). Téaching Principles of the National
Council of Teachers of Mathematics (NCTM) Standandslude “Effective
mathematics teaching requires understanding whaests know and need to learn
and then challenging and supporting them to leanell” (NCTM, 2000, p. 2).

In fundamental ways Schoenfeld (2011) views “teaghas a much more complex
problem-solving activity” (p. 3). Especially whetudents employ unusual strategies



of solving a task students’ thinking is not alwaysedily obvious and easi
comprehensible. There is a need for teachers theisgstic strategies to reconstr
possible thinking processes with the aim to undedstthe students’ woi In the
analysis of students’ workossible thinking processesust be reconstructed
hypothetical, empathetic thinking by interpretthe work.

Crespo (2000) found in a study with elementary gmase teachers that they strug
with interpreting students’ work. Theementary preservice teachers tend to eva
the students’ work immediately without analysingcérefully. In my study Ihad
chosenprospective secondary school teachers towards rideoé their academi
educabn because | am interested to what exteh the academic education
secondary school teachers prepares for mathemagqairements needed in t
analysis of students’ solving proces

Schoenfeld (2011) claims “that what people do farection of their resources (the
knowledge, in the coekt of available material and other resources),lsggtne
conscious or unconscious aims they are trying toeae) and orientations (the
beliefs, values, biases, dispositions, etc.).”Xig). The attempt in this study is
regard analysing students’ork as a function of knowledge and resources,oaflg
and of orientationsWhat people do in thistudyis analysing students’ work. In tl
following | describe which kinds of knowledge coulthve influence on the:
analysesFigure 1 illustrate the conceptual framework.

Pedagogical Problem solving as
Content Knowledge a mathematical

\ competence

Analysis of students® work

Content Knowledge

in detail

Analysis of students‘ written documents —
representations of the students® problem solving activities

Figure 1. Analysis of students’ work

Analysing studentswritten work can be based on PedagogiCahtent Knowledge
(PCK), Content Kowledge(CK), and poblem solving as mathematical competel
Shulman (1986) includes amc pedagogicalcontent knowled¢ “the ways of
representing and formulating the subject that makemprehensible for others [.
[and] the conceptions and preconceptions that stadef different ages ar
backgrounds bring with the” (Shulman, 1986, p. 9)Content knowledgdncludes
knowledge of the subject and organising structure€Shulman, 1986)A teacher



“need not only understand that something is soitdéleher must further understand
why it is so” (Shulman, 1986, p. 9).

In the process of analysing students’ work it issome cases necessary to change
from one representation system to another, for @l@nf the student has chosen two
different representation systems within his or bkelution process. Duval (2006)
distinguishes two different types of transformasioof semiotic representations:
treatments (transformation from one semiotic regmegion to another in the same
register) and conversions (transformation from semiotic representation to another
in a different register).

Problem solving as mathematical competence is anotmportant aspect for
analysing students’ written work as semiotic repngéstion of the student’s problem-
solving activities. Reconstructing possible thirkiprocesses of the student can be
based on identifying specific problem-solving stgaés in the student's work.
According to Polya (1949) problems are specifiksai® which necessary steps for
getting the solution are unknown. Characteristiprablem is that a person has to use
a way of solving which is for him or her unfamilidrhe character of problem is not
only dependent on the special question or tasleptagon but also on the knowledge
of the person (Heinze, 2007). This is why it isgbke that a task may be a problem
for some students and it can be a routine exewaibeno significant efforts for others
(Shulman, 1985). In a transferred sense it is dmeeswith analysing students’ written
work in that analysing is not always problem salviin some cases, especially for
experienced teachers, analysing students’ work with aim to understand their
thinking is rather working with presentations tharoblem solving. (A possible
reason could be higher pedagogical content knowletbgcause of teacher
experiences.) For this reason it is interestin§rid out which strategies prospective
teachers actually use in analysing.

Polya (1945) identifies four basic principles ofoplem solving: understand the
problem, devise a plan, carry out the plan and loagk. Typical problem-solving

strategies also known as heuristics (Shulman, 198&6), are forward working,

backward working, combined forward and backward kiv@y, systematic trying,

search for equations, relations or mathematicakepet (Bruder et al., 2011). While
solving problems it is possible to make use of istiartools like table, informative

figures, solution graphs, variables/equations aoded knowledge. (Bruder et al.,
2011). Polya (1945) introduces heuristics to dbescthe strategies or the “mental
operations typically useful for the solution of plems” (p. 2). Problem solving

requires mental flexibility (Bruder et al., 2011).

METHOD OF INVESTIGATION AND ITS JUSTIFICATION
Research design and sample

The two cases described in this paper are situaitteth in a qualitative study of 19
prospective secondary school mathematics teachevgards the end of their
academic education at the University of Oldenbuggrmany. In Germany the



teacher education is composed of two parts. Thegart is an academic education at
the university and the second part is a practi@hing in teacher seminars and in
school.

In a two step design prospective teachers weredasiesolve three different

mathematical tasks, and to analyse one studenitfemwvork to each of these tasks.
This should be done individually with unlimited gnand with no other tools except
the help of pencil and paper. The mathematicalsthskve multiple ways of solving.

Some of the students’ written answers are fictive @thers are real.

The data includes on the one hand written work led prospective teachers
concerning their answers to the mathematical tasks their analyses of students’
work; on the other hand videotaped, transcribedernatof oral comments while
solving tasks and analysing students’ work and ai-s&ructured interview
afterwards. To understand their ideas in more [dtee prospective teachers were
asked to explain their work and their hypotheseshenstudents’ thinking processes
in an interview. | had chosen this combination eitten and oral form, because to
one hand the participants could think more profdyirabout different aspects to
write down, and they were not in hurry to answansthing quickly; on the other
hand to get also data about what they perhaps &dlamady thought concerning the
student’s work but did not write down. Additionaltiie prospective teachers are
working with the student’s work twice thereby thean get more ideas.

In this paper | describe the heuristic strategwes prospective teachers (Marc and
Tim) show in analysing Lilly’s written work to thiask “Find the solution set”, one
of the three different mathematical tasks. | wandeéscribe the analyses of these two
participants because they use some identical gtesteand some which are
completely different from each other. In comparisath the other 17 participants of
the whole study, the strategies of these two caisealso used by other participants.

The mathematical task and Lilly’'s answer are showigure 2.

Mathematical problem “Find the solution set”

x+y = 9
Find the solution set O‘x—Zy < 0 where x and y are natural numbers.
10x+y > 9

Describe your approach and document your way ofisglas accurately as possible.
What alternative approaches do you know? Carry tbein

Lilly’s work to this task

Lilly has rearranged the system and created tHewolg illustration in a Cartesian
coordinate system.
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What thinking process do you conjecture in Lillwerk?

Figure 2. Mathematical problem “Find the solution ®t” and Lilly’s work

For this task content knowledge about the meanirgyich a system, the solution set
and the concept of variables is needed. Dependnth® chosen solution strategy
more content knowledge, such as the substitutiaihadeor knowledge of geometric
illustrations is required. German students are [kamiwith systems of linear
equations but not with dealing with linear ineqtied. They have to transfer their
problem-solving strategy for solving a system okhr equations to a system with
inequalities or to think about another solutioratggy where mathematical process
skills will be needed.

Lilly has rearranged the inequalities and the aquoafor y by treatment within the
algebraic register. She changes into the graphycstex (conversion according to
Duval, 2006) with her other representation. In xlgeplane the solution set of each
inequality and equation is graphed as lines orsafeax and ye IR. A possible
reason why the line for y=-10x+9 is drawn as a dddine could be that the set of
the line is not included in the set of y>10x+9. Timessing solution set of the
complete system can be found graphically as trexsattion of the three individual
solution sets of the equation and the two ineqgealitSince X, \e IN, the solution set
consists of the following ordered pairs: IL={(1/&),7),(3/6),(4/5),(5/4),(6/3)}.

Data analysis

To find out heuristic strategies the prospectiaehers use in analysing Lilly’'s work
| go through the written and transcribed matenatembination both line by line for
analysing and interpreting significant statements strategies with the aim to expose
categories for heuristic strategies.

ANALYSES OF LILLY'S WORK

In the following | want to describe the strategilkat two prospective teachers (the
case of Marc and the case of Tim) use to analyig’d work. The prospective



teachers had unlimited time to analyse Lilly’'s woboth of them worked on it 10
minutes. Before analysing the student’s work thespective teachers were asked to
solve the mathematical task on their own.

Marc

Marc chooses in his own solution the substitutieethrad (a target-aimed method for
this task). He rearranged the equation for x aptace it in the inequalities. His way
of solving indicates the safe use of algebraicsi@mations and solving inequalities.
In his solution process, he shows strength in foioparational activities. Marc finds
out two correct restrictions for x and for y (nagpn@<x<6, ¥Xy<9). However, he
refers to the restrictions found for the variabtegparately but not combined as
ordered pairs and without regard to the conditiog=9. Marc claims that he cannot
write down a solution set.

Marc explains what thinking process he conjectured.illy’s work after a few
minutes looking at her written work and writing dosome aspects. Marc mentions:

Marc: She sees in y this function and tries tatevdown every equation, which is
here [points at the system with equation and inktips], as a function and
tries to solve it with a drawing and yes, she hasedt right. [...]

She is now thinking the solution set is everythivigch is on the line. At this
it is all what is over it and for y3 it has to befiitely bigger, therefore she
has drawn it as a dashed line, because it doewliide this value thus this
line.

Lilly has rearranged the inequalities and the aqodbr y. Hence he concludes that
she will regard it as a function. A possible reafwrthis could be that her rearranged
conditions remind him of the standard presentatibfunctions. Before commenting
this orally he wrote down

- Lilly sees in y the function f(x), rearranged #nguations for y

- equation=function
This indicates that he sets himself a framework elgrthe context function as a
fundamental idea concerning Lilly’s work. This fiamdental idea of function occurs
also at the end of his analysis.

In his written and in his oral analysis he numb=mssecutively the three conditions
for y in the algebraic representation of Lilly’'s kko(y3 for the third condition).
Hereby he separates the conditions for y from edicér (deliberately or not).

Marc tries to reconstruct the action by splitting Lilly’'s work and analysing it
separately. He splits up the solution in two wal)sAt the beginning of his analysis
he thinks in the algebraic register and changestive graphic register (Duval, 2006).
2) Marc interprets the equation and the inequalieparately as straight lines and as
designated areas in Lilly’'s graph.

He interprets elements of the solution locally litkee graphed solution set of the
equation and each inequality as lines or areabidranalysis of Lilly's work he is
influenced by his attitude towards the correctneshe work. Some of Marc’'s



statements indicate that he thinks something iswgvtmut he is unsure. Nevertheless
he takes it seriously and tries to understand 'silypproach.

Marc: What would happen now, if | take a value %owhich is smaller than one?
[...] She need not to regard this, it is completelyifferent for her.

In this excerpt his analysis goes on with usingnvadt if”-strategy as occasion to
think from Lilly’s perspective. This approach doest advance him in reconstructing
the thinking processes. He rejects his strateguuse he thinks that it is irrelevant.
Later he thinks about how Lilly could go on working this or how he would help
her exactly.

Marec: Perhaps one can go on working on this butri'tdknow it now. [...] What
would be, if | interpret it with my solution? Sodbn’t know, how do it with
that but if | take my solution to interpret it imrenection with this solution.

Following this he tries to deduce the thinking mexin Lilly’s work with the help of
his own solution. He shows his conditions (868x 3<y<9) in Lilly's work at the
corresponding axes, but he does not respond tonaination of x-and y-values with
respect to the solution set. Marc finds his condgiin the graphic representation but
he does not understand Lilly’s representationait be said, that he does not succeed
in understanding how the graphic representation Ly is related to the
determination of the solution set of an algebraisteam. His main problem is the
mathematics. In the analysis of Lilly's work, heogls a weakness in the cross-
linking by not associating his algebraic solving thael with the graphic
determination of the solution set of an algebraisteam. So, he cannot complete
Lilly’s solution idea or reconstruct a possiblentking process completely even with
the help of his own solution.

Marc can explain details but he cannot relate tireet conditions (equation and
inequalities) in Lilly's work because he descrilibeee solution sets. It shows that
this is an analogical problem as in his own solubecause he does not relate his two
found conditions. Altogether he does not grasp ¢beplete strategy of Lilly's
approach but rather the dealing with the separatedlitions. He interprets some
aspects of the solution locally.

Summary of Marc’s strategies:

* reconstructs the action by splitting up the wor#l analysing it separately
» deals with representations
* ‘“what if"-strategy as occasion to think from Lil/perspective
» uses his own solution to interpret her work
Tim
In his own solution, Tim makes use of the substituimethod by rearranging the

equation for x and replace it in inequalities. Texploits two correct conditions for y
(y>3, y<9). He writes down a solution set for y (y%43%,6,7,8}) and for x



(x={1,2,3,4,5,6}) in a way that x and y are sepadatHe does not write down ordered
pairs (X, y) regarding the condition x+y=9.

By analysing Lilly’s work, Tim mentions:

Tim: First she tried to put the whole thing dovensomething familiar namely to a
linear system of equation and then look at eaghtassection of two lines.

When Tim describes Lilly's approach, he identifieily’s strategy which | call
“drawing on something familiar”.

Tim: This matches. This intersection point [poimtis P(6/3) in Lilly's graph] x
equals 6 is ok and also y which is 3. Thus the tgdipoints at his solution
sets] are included.

Tim refers to intersection points. He checks if th&ersection point (6/3) that he
looked at in Lilly’s graph is included in his ownlsgtion because he intends to verify
Lilly’'s work. Then he states that his solution anitly’s graphic representation is

consistent. This excerpt is an indicator for theatsgy “referring to his own

solution”.

He says that Lilly did not mark the solution setlahat he does not quite see it.
Following this he mentions:

Tim: She didn’t understand the question of the takich is to find the solution set
[points at the task] which fulfills this. This skdeln’t do exactly because [...].

By referring to Lilly’s work Tim points out that lly’s solution is not completed,

when he explains that Lilly did not answer the tadk assumes that Lilly did not
understand the question and takes the graphicsemation into account. He points
at the point (0/9) and says that this would be iptessn this representation but this
does not fit to the fact 9>y (he points in the dii@n of the task), namely that it is
only included up to the point (1/8) at which hepsinting. It indicates that he

examines the correctness of the solution like he d@ne at the beginning of his
analysis. Possibly Tim refers to his own solutigaia (however implicit) because he
knows that the point (0/9) is not included in tloéusion set.

The same as in the case of Marc Tim applies tlaesty of splitting up the solution.
Thereby he focuses on single transformations arhgds from algebraic register
into graphic register. Later he mentions that sbmgtspecial is the dependence in
the solution set. Take it together it has to bemmeach case.

Summary of Tim’s strategies:

 identifies Lilly’s strategy “drawing on somethingrhiliar”

* reconstructs the action by splitting up the wor#l analysing it separately
» dealswith representations

 verifies Lilly’s solution by referring to his owrokition



Comparison of the two cases

Marc and Tim use some identical strategies to aealylly’s work (reconstruct the
action by splitting up the work and analysing paeately; deal with representations).
Both of them refer to their own solutions but idifferent way. Marc uses his own
solution to interpret Lilly’'s work whereas Tim re$eto his solution to verify special
aspects of Lilly’s work.

Marc has difficulties in understanding Lilly’s warklarc thinks something is wrong
but he is unsure, so he takes it seriously and taainderstand Lilly’s approach. He
interprets details of her work locally but cannetanstruct a possible thinking
process completely even with the help of his sokuti Tim gives greater

consideration to Lilly’s strategy which he idergsiin her work. Altogether he gives
the impression that he rather verifies Lilly’'s work

CONCLUSIONS

Concerning the answer of the research questiomriaé/ses of the two prospective
teachers were analysed to find out their heurstiategies by which they analyse a
student’s work and reconstruct possible thinkingcpsses. The results of these cases
show that analysing a student’'s work evokes smetifiuristic strategies and that
different heuristic strategies could be reconsadctMarc and Tim used similar and
different strategies in their analyses. Both ohthgésed the strategy “referring to his
own solution” which seems to be a typical straté@ealing with representations” as
another heuristic strategy is one which is usedyueatly with the aim of
understanding students’ work, especially if thelstus employ unusual strategies of
solving a task.

With the help of the whole study of all participanturther strategies can be
investigated. So far, the analyses of the data sthaivsome prospective teachers
have difficulties in analysing students’ work aead to evaluate the students’ work
immediately without analysing it in a deeper wayhé& prospective teachers try to
reconstruct the student’s thinking processes chlyeAnd do not only describe
obvious activities of the student, e.g. describé oy written calculus but also
possible ideas of the students’ solution stratdtese differences which may be
caused in different orientations, strategies ded#hces in available knowledge need
to be investigated. This can make contributionht® development of the academic
teacher education by making proposals e.g. of aimgystudents’ work what can be
regarded in a didactic course at the universitym&aqrospective teachers can
improve their analyses by knowing further strategie be more flexible in their
analyses of student’s work. According Maher andi®&990) “[p]Jaying attention to
the mathematical thinking of students engaged iiveenathematical constructions,
and trying to make sense of what students are damtgwhy they are doing it, is
prerequisite” (p. 89). This is an important pareffective teaching.
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