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The aim of the study was to examine how teachers’ investigation of students’ written
works contributed to their professional development. The research was conducted at
a public high school with the participation of six mathematics teachers and their
students. The teachers have examined their students’ written works as products of
their solutions for some modeling problems for 5-week period. The preliminary
analyses showed that teachers’ collective examinations and interpretations of their
students’ written works have contributed to their professional development in terms
of their subject matter knowledge and pedagogical content knowledge. Moreover,
the collaborative learning environment in the study had positive effects on the
affective domain regarding teachers’ ways of knowing of students’ thinking.
INTRODUCTION
This study reports on preliminary findings from a study carried out as a part of a
larger research project about mathematical modeling where the primary purpose is to
develop pre-service and in-service mathematics teachers’ knowledge and skills about
using modeling problems in teaching mathematics. The main three components of
inservice teacher education dimension of this program were (a) planning a lesson in
which a modeling problem was integrated, (b) implementing the problem in the
classroom, and (c) investigating/assessing students’ works in modeling problems.
The focus of this study is on the third component.
More precisely, the purpose of this study was to examine how teachers’ investigation
of students’ written work contribute to their professional development in terms of
their subject matter knowledge and pedagogical content knowledge. The following
research question guided this study: How does teachers’ collective investigation of
students’ written works contribute to their professional development in terms of
subject matter knowledge and knowledge of students’ thinking as a sub-component
of pedagogical content knowledge?
Teachers’ Knowledge of Students’ Thinking
It is widely accepted that teacher knowledge comprises three major dimensions:
subject matter knowledge (SMK), pedagogical knowledge (PK), and pedagogical
content knowledge (PCK) (e.g., see Shulman, 1986). In particular, teacher
knowledge of students’ mathematical thinking has attracted much interest. In this
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regard, teachers’ knowledge of students’ conceptions, difficulties and potential
misunderstanding have been the subject of various studies as an important aspect of
teachers’ pedagogical content knowledge (e.g., Carpenter et al., 1996; Chamberlin,
2002; Gearhart & Saxe, 2004) as it could offer crucial contributions to teachers’
professional growth. According to Gearhart and Saxe (2004), knowing what students
know is crucial for effective classroom practice. When teachers attend to students’
mathematical thinking, they can prepare the instruction with respect to their needs
and level of understanding, emphasize important mathematical ideas, understand
students’ misconceptions and create learning environment to foster students’
mathematical ideas (Kulm, Capraro, Capraro, Burghardt, & Ford, 2001 as cited in
An, Kulm & Wu, 2004). All these studies highlighted that when teachers attend to
and understand their students’ thinking, both their instructional practice and
students’ achievement can benefit (Chamberlin, 2002)
However, although teachers’ understanding of students’ mathematical thinking is
important for teachers to teach mathematics effectively, teachers usually had poor
subject matter knowledge and their knowledge was not connected to students’
thinking (e.g., Nathan & Koedinger, 2000; Bergqvist, 2005). Ball (1997) indicated
that during classroom teaching, attending students’ thinking was not easy because
teachers often could not find an opportunity to interact with all of their students in
their own classrooms. Additionally, teachers have difficulties in identifying students’
ways of thinking as students’ thinking can change under different circumstances or
they cannot always express their thinking although they construct the idea in their
mind (Ball, 1997; Chamberlin, 2002). Because of these reasons, it may be difficult
for teachers to understand students’ mathematical thinking.
All of these are particularly true when teachers attend to students’ reasoning in
modeling problems. One of the main features of these problems is that they allow
students to think about the problem differently and solve it in different ways. Thus,
teachers are confronted with different ways of student thinking when they attempt to
understand students’ reasoning while implementing the problem and assessing
students’ written works after the implementation. This is quite challenging for
teachers (Doerr, 2007).
Professional Development Approaches That Focus on Student Thinking
In reviewing the works on the professional development of mathematics teachers
Sowder (2007) contented that one of the main goals of professional development is
“developing an understanding of how students thinking about and learn
mathematics” (p. 163). The studies that use students’ ways of thinking on
mathematical concepts as a tool for improving teachers’ content knowledge and
pedagogical content knowledge are designed based on the fact that attending
students’ mathematical thinking provides benefits for effective instruction and thus
help support increasing students’ achievement.
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Ball (1997) suggests three approaches to improve teachers’ attending to students’
thinking. The first approach is “discussing cases of students’ thinking” (p.808). In
this approach, teachers work together with written cases of episodes of students’
thinking, and they investigate and find different interpretations of students' thinking.
The second approach is “using of redesigned curriculum materials” (p.808), and the
third approach is “investigating artifacts of teaching and learning” (p. 811). The third
approach is related to teachers’ examination of “unnarrated” students’ works and
thoughts. Unlike the other two approaches, in the third approach, teachers engage in
the artifacts obtained from real classroom settings, such as videotaped classroom
lessons, students’ written works and drawings on a paper or a chalkboard. Therefore,
this approach is more realistic and provides teachers the opportunity to examine
actual student products which are not interpreted by somebody else (Ball, 1997). The
main idea of this approach can be seen in different professional development
programs. For instance, Cognitively Guided Instruction (CGI) (Carpenter, Fennema,
& Franke, 1996), Multi-tier Program Development (Koellner-Clark & Lesh, 2003),
and Integrating Mathematical Assessment (IMA) (Gearhart & Saxe, 2004) can be
considered as well-known examples of such programs. All of these programs
acknowledged the importance of teachers’ attending to and understanding students’
mathematical thinking, although they used different approaches to develop it. For
example, CGI was based on using the research-based knowledge of students’ ways of
thinking about a certain mathematics topic (e.g., addition and subtraction) to enhance
teachers’ instruction. As an alternative to CGI model, the professional development
program of Koellner-Clark & Lesh (2003) situated in Models and Modeling
Perspectives was grounded on providing opportunities for teachers to work on their
students’ works rather than providing research-based knowledge to teachers.
According to this professional development approach, changes in teachers’
knowledge and ultimately in their views about their teaching is possible only if they
engage in situations where their existing knowledge is challenged and thus they
experience some kinds of cognitive conflicts. The way of doing this includes
activities of giving teachers tasks where they are required to interpret students’
mathematical thinking (in modeling problems), and having teachers create
conceptual tools (e.g., student thinking sheets, concept maps, etc.) to use in teaching
practice (Koellner-Clark & Lesh, 2003). In this study, we adopted the Multi-tier
Program Development (Koellner-Clark & Lesh, 2003) by having teachers engage in
activities in which they investigate and think about students’ modeling processes.
Our main intention in this design was to foster teachers to think about their
knowledge for teaching mathematics.
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METHOD
Participants
This research was conducted at a public high school during spring semester of 20102011 school years. The school was selected because it was one of the distinguished
schools with a well-organized workgroup of teachers in order to meet regularly
across the semester. In addition, this school was willing to open their doors to carry
out the study.
Six of the mathematics teachers in the school and their students participated in the
study. The teachers had more than 8 years of experience and four of them had master
degree in mathematics. On average, the teachers had strong mathematical knowledge
and their students had quite high achievement level relative to other schools in the
district.
Procedures
The teacher investigations lasted four weeks. Before the first week of the
investigations, the introductory meeting was conducted with all teachers. In this
meeting, the outline of the 5-weeks program was explained, the Student Thinking
Sheet (STS) was introduced, and modeling problems that would be implemented in
the classrooms were determined with the teachers.
During the 5-weeks period, each week a modeling problem was implemented in two
classrooms at the same grade level by two teachers. Students worked on the
problems in groups of 3 or 4 students during the two class periods (i.e., 90 minutes).
Before implementing a modeling problem in the classrooms, teachers were asked to
solve the problem like a student and to create pre-implementation STS individually
according to their predictions. After the modeling problem was implemented by two
teachers in their classrooms, student works were collected and copies of them were
provided to the teachers. Then, teachers were asked to examine the students’ works
in depth and to create individually post-implementation STS.
Next, teachers met for the follow-up meetings that lasted about 90 minutes. In these
meetings, the teachers evaluated the classroom implementations. However, teachers
who implemented the modeling problems shared their opinions about the tasks with
other teachers and their experiences during implementation. These deliberations
lasted approximately 15-20 minutes. Then, teachers interpreted their students’
thinking strategies by the help of the STS. At this stage, teachers sequentially were
asked to express verbally their individual written notes on the STS and to share with
other teachers. Initially, the teachers, who conducted the classroom implementations,
shared their thoughts. During this process, teachers showed examples of students’
works while presenting their observations. In this way, teachers discussed their
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students thinking and collaboratively produced a shared STS which included
students’ fundamental thinking strategies.
Data Sources
Student Thinking Sheet (STS)
Student Thinking Sheet (STS) is a form designed to help teachers to think about and
document students’ mathematical thinking. It consists of a two-page document
formatted as a table. The first page is divided into rows in which teachers are
required to report different solution strategies used by their students in working on
modeling problems. The table in the second page includes sections in which teachers
are asked to report mathematical concepts, skills and process as well as students’
errors and misconceptions for each different solution strategy.
Modeling Problems
For this study, five modeling problems were used to examine the interpretation of
teachers’ to understand their students’ ways of thinking in certain mathematical
situations. Modeling problems are non-routine tasks and they differ from the
traditional textbook word problems. In each of these modeling problems, students
interpret a complex real-world situation and formulate a mathematical description;
therefore, what students produce has to go beyond short answers (Lesh & Doerr,
2003).
Weekly Meetings
The aim of the weekly meetings was to help teachers to examine and interpret
students’ different solution strategies, their misconceptions and errors. Each meeting
lasted approximately 90 minutes and was audio and videotaped. In these meetings,
the researcher (the first author of the study) had a facilitator role and managed the
group discussions. While teachers were sharing their thoughts about students’
thinking strategies, the researcher posed some questions like “What do you think
about the students’ mathematical thinking underlying this strategy?”, “What do you
think about the effectiveness of this strategy to solve the problem” in order to
encourage teachers to think about students’ ways of thinking more deeply.
Interviews
For this study, two different types of interviews were carried out. The first type of
interviews was conducted with the teachers who implemented modeling problems in
their classrooms. These interviews occurred before and after teachers implemented
modeling problems in their classrooms and they lasted approximately 20 minutes. In
pre-implementation interviews, teachers were asked about their predictions and
expectations about students’ ways of thinking; e.g., “What are your predictions about
solutions students would have?” and “What are your predictions about students’
difficulties and errors?” On the other hand, in post-implementation interviews,
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teachers were asked questions such as “Were there any ways of solutions which you
found surprising? If any, what were they? Please explain them briefly” or “Which
important mathematical ideas did students reach at the end of the process?
The second type of interviews was conducted individually by all six teachers at the
end of the semester and lasted approximately 40 minutes. The aim of the interviews
was to inquire into how to examine students’ thinking and work on STS and to see
how attending weekly teaching meetings affect teachers’ professional development.
During the interviews, teachers were asked questions such as “Could you compare
your interpretation of students’ ways of solutions in the first week to the last week”
or “How was this experience for you? Each interview was audio-taped and
transcribed verbatim.
Data Analysis
The analysis of data was completed in two stages as pre-data analysis and in-depth
data analysis. The pre-data analysis of the study has already beendone and the indepth analysis of data is in progress. For pre-data analysis, all written, audiotaped
and videotaped data were examined carefully and organized by the researchers to
prepare for analysis. Although students’ written works produced during
implementations were not the main source of data, they were used to provide
background for the data analysis. Therefore, students’ works were first examined by
the researchers to determine the required data. The video recordings of the weekly
teachers’ meetings were carefully watched and notes were taken. Next, field notes
were looked over; the transcripts of interviews and “Student Thinking Sheets” were
reviewed. In this way, the initial codes were determined. In order to construct actual
codes and present certain findings of the study, in-depth analysis of data will be
conducted.
RESULTS
Pre-analysis of the data indicated that teachers’ collective examinations and
interpretations of their students’ written works provided contributions to their
professional development both in terms of subject matter knowledge and
pedagogical content knowledge. Besides, there were some affective contributions of
this type of collaborative learning environment to teachers’ professional
development. Despite the fact that finding out probable contributions of a
professional development environment to teachers’ knowledge requires a long-term
study, the four-week study provided some clues about these contributions as follows.
Contributions to subject matter knowledge:
When teachers were trying to interpret students’ different solution strategies from
their written works, they were also trying to understand the mathematical aspects of
these strategies. While they discussed the mathematical thinking underlying the
strategy, they reveal their own mathematical knowledge and shared it with their
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colleagues. Especially when teachers detected some errors in students’ solutions,
they discussed what the mathematical sources of the error were. These discussions
provided them with meaningful opportunities to reveal and improve their own
subject matter knowledge. For example, the following excerpt shows that teachers
discuss deeply on the mathematical concepts such as linear function, geometric series
or slope etc. while they are investigating whether students’ solution strategy is
correct
Fevzi:

Then, we accept the elements of the geometric series as linear. Is there
such thing?

Huseyin: No no. But actually, this ratio is the slope, isn’t it? Can I think of this
ratio as the slope?
Fevzi:

It is just like the terms of a geometric series.

Huseyin: The ratios that I took their ratios in the geometric series.
Fevzi:

The r’s

Huseyin: Are the r’s slope? Can I think of them as slope?
Fikret:

Is there any linearity at there?

Fevzi:

So, if x-axis represents is the number of bounces and y-axis is the
height. Thus Linearity does not hold.

Huseyin: No, then it is not. Is it quadratic, then?
Handan:

Yes, it becomes quadratic. When it is linear, it has to decrease in a
constant rate, doesn’t it? Isn’t it a property of a linear function?

Contributions to pedagogical content knowledge:
This study focused on teachers’ knowledge of their students’ thinking as one main
dimension of their PCK. Data indicated that this type of collaborative investigation
of students’ works had potential to improve teachers’ understanding of their
students’ thinking. Teachers’ interpretations of students’ written responses to the
modeling problems improved noticeably from the first meeting to the last one. For
instance, in the first meeting, although there were many different solution approaches
in students’ work, almost all teachers were not able to see and detect the different
solution strategies except for two or three strategies. In the interviews, they
explained this situation that they didn’t know exactly what the focus of the activity
was. Especially, when a student used a strategy different from their expected
solution, they tended to ignore this strategy. Some teachers explained the reason of
this situation as they were accustomed to assessing students this way in their daily
teaching practice. That is, student work often did not get credit if it did not follow
teachers’ “expected” way of solution. But as meetings proceeded, they tried more to
examine and understand different solution approaches even if they were incorrect.
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Also, teachers could better see and interpret different solution strategies,
mathematical ideas underlying these solutions and errors when they came across with
them.
Additionally, the ways in which teachers interpreted and described students’ solution
approaches changed considerably from the first meeting to the last. For instance, at
the beginning, they often looked only at what students did superficially. They did not
tend to investigate what the mathematical thinking underlying the solution was,
whether this solution was correct or not. As the following excerpt exemplifies,
during the first investigation of students’ written works teacher Handan just describe
students’ solution strategy superficially rather than making inference or providing
detailed analysis.
Handan: Students obtained a value with trial and error and then they transformed
it into a formula to support it. So, at least the students began with the
trial and error method but then they formulated it.
As meetings proceeded, teachers focused more often on the underlying thinking
processes rather than just looking at what students did. They considerably tried to
understand their students’ thoughts.
Contributions to attitudes towards students and collaboratively working with a
colleague:
Almost all teachers expressed the changes in their attitudes towards their students,
especially towards those students who were not successful in standard tests and
examinations. The following excerpt illustrated changes in a teacher’s point of view
towards their students.
Huseyin: Now, I thought of that. These students shut down themselves after an
hour. But, they solve whatever they want if they are provided with an
appropriate question and the environment. They the project activities
changed my thoughts about these students. Namely, yes, when you
provide these children with an appropriate environment and offer them
appropriate things there is nothing they would not do. Now, it has
increased my respect to these children.
Accordingly, teachers explained that through these close examination of students’
work, they knew their students better and they appreciated their different ways of
thinking. They also expressed their thoughts and feelings about the collaborative
working with their colleagues. Similarly, the data from the whole group discussion in
meetings showed the benefits of discussions and exchanging ideas for better
interpreting their students’ thinking and filling the gaps in their subject matter
knowledge.
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DISCUSSION
Our findings showed that interpreting students’ different and sometimes unusual
strategies on thought revealing non-routine tasks were initially not so easy for
teachers. This result is compatible with the findings reported by others (e.g., see
Koellner-Clark & Lesh, 2003). However, as teachers analyzed students’ work over
time, they started to appreciate and understand students’ solution strategies and also
better interpret the mathematical ideas underlying these strategies. Like other
professional development programs (e.g., Carpenter, Fennema, & Franke, 1996;
Koellner-Clark & Lesh, 2003), these findings indicated that a learning environment
in which teachers work collaboratively to analyze and interpret students’ works on
thought revealing non-routine tasks, provides crucial contributions to not only
teachers’ subject matter knowledge and pedagogical content knowledge but also to
their attitude and beliefs towards teaching mathematics. On the other hand,
collaborative work with colleagues on STSs and the nature of the modeling problems
are two major factors that positively affect teachers’ professional development.
Nevertheless, when teachers did not solve the tasks themselves and/or come to the
meetings without analyzing students’ works carefully, they had difficulties in
interpreting students’ thinking. Therefore, as consistent with findings of Nathan and
Koedinger (2000) and Bergqvist (2005), this study shows that such conditions can
create barriers to provide adequate contributions to their professional developments
while teachers investigate students’ works. In addition, it is also observed that
teachers need to spend adequate time to work on students’ works for their
professional development. In summary, this study contributes to our understanding
of the literature on teacher knowledge and changes thereof in that investigations of
students’ works resulting from non-routine, thought-revealing activities could be a
starting point for in-service teachers regarding what they know and think about their
students’ thinking and change their instructional practices.
NOTES
1. Work reported here is based upon a research project supported by the Scientific and
Technological Research Council of Turkey (TUBITAK) under grant number 110K250. Opinions
expressed are those of the authors and do not necessarily represent TUBITAK’s views.
2. The modeling problems used in this study were developed by the researchers working on this
research project.
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